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2and hence a signal to noise ratio of SNR = 2e
r
The











We see that squeezing provides an increased sensitivity
that scales as n
 1=2
.
Following early work by Bollinger et al. [13], Heulga et
al.[14] have shown that quantum entangled states can be
used to improve the sensitivity of frequency estimation
using Ramsey fringe interferometry. Can entanglement
be used to improve the sensitivity for force detection? To
begin, let us consider an entangled state of two harmonic
















. The entanglement in this state
can be seen in a variety of ways. Most obviously it is an











between the two modes, and in the limit of large squeez-
ing, ! 1, a near eigenstate of phase sum[18]. Alterna-
tively we can consider the correlations between quadra-
ture phase operators. In the limit of large squeezing

















, which is the kind of state
considered by Einstein Podolsky and Rosen[19]. This
kind of correlation has been exploited by Furasawa et
al.[20] to realize an experimental teleportation protocol.
With two oscillators, we need to specify how the weak
force acts. We will specify that the force acts indepen-
dently on each oscillator. To detect the force, consider a









. It is then straightforward to show
that the signal and variance of the measured result, after














































2 improvement over the single mode squeezed
state. For large squeezing the minimum detectable force
can be expressed in terms of the total mean photon num-







This is the same scaling as we found for a single mode
squeezed state. The apparent improvement due to entan-
glement is simply a reection of the fact that we have a
two mode resource with double the mean photon number.
For the two mode squeezed state, there is simple
way to understand this result. The entangled two
mode squeezed state,(8), is easily disentangled by the











)=4), which does not change the total
energy. We will refer to this unitary transformation as
the beam splitter transformation as in the case that the
two oscillator modes correspond to optical elds modes,
this transformation describes the scattering matrix of an
optical beam splitter. The resulting state becomes a (dis-
entangled) product state of two single mode squeezed
states (as in Eq.(4)). The weak force now acts to dis-
place each of the single mode squeezed states, each of
which may be used to achieve the squeezed state limit
for displacement detection. As there are two realisations
of the measurement scheme there will be an additional
1=
p
2 improvement in sensitivity simply from classical
statistics. It is thus inaccurate to attribute the improved
force sensitivity of a two mode squeezed state to entan-
glement. In assessing the limits to force detection using
entangled states of N harmonic oscillators we thus need
to consider if any apparent improvement could have been
achieved simply by using N copies of an appropriate non
classical state of a single harmonic oscillator.
Of course it may not always be so obvious to transform
an entangled state to a product of non classical states.








This state is correlated in number, but unlike the two
mode squeezed state, it is not necessarily a near eigen-





as previously, the signal and variance after the
displacement are























+abi. A state like this, with cor-
related photon number, is the pair-coherent (or \circle")
















where j: : :i
a
and j: : :i
b
represent coherent states in the
modes a^ and
^
b. N is a normalization coeÆcient and 
the amplitude of the coherent state. This state can be















is a zeroth order modied Bessel function. It is









+ n   (16)





(2). A small improvement is seen for all
3, with the minimum occurring at  = 0:85 (
min
=
0:221108). As  ! 1 we have 
min
! 0:25. In this





is not necessary optimal how-
ever because it is not a near eigenstate. We should also
point out that the circle state cannot be separated into
a product state via the beam splitter transformation.
III. WEAK FORCE DETECTION WITH CAT
STATES.
Let us now turn our attention to a less straightfor-
ward example. In the previous example two entangled
harmonic modes, the two mode squeezed state, gave an
improvement in the signal to noise ratio (compared to




. With an entangled state com-
prised of more modes, an even better improvement may
be achievable. However there is no simple way to gener-
alise the two mode squeezed state to give an entangled
state of many modes. We now consider another class of
non classical states, based on a coherent superposition of
coherent states, which can be entangled over N modes.
In this case we again nd that the apparent improvement
in force sensitivity could have been achieved by using N
copies of a particular single mode non classical state, the
`cat state'. We do not know if this equivalence is always
possible for an arbitrary entangled states of N harmonic
modes.






(j; ; : : : ; i+ j   ; ; : : : ; i) (17)
where







is tensor product of coherent states and N is the normal-








We take  to be real for convenience. For  >> 1 this
normalization constant approaches 1=
p
2, and we hence-
forward make this assumption. Parkins and Larsabal[23]
recently suggested how this highly entangled state might
be formed in the context of cavity QED and quantized
motion of a trapped atom or ion.
To begin our consideration of these states, let us con-





(ji+ j   i) (20)
where the mean photon number is given by n = jj
2
.
When a weak classical force acts on the state in Eq.(20)





























= cos j+i+ i sin j i (21)
where  =  Im(

) and we have dened the even (j+i)





(ji  j   i) (22)
Our problem is thus reduced to nding the optimal read-
out for the rotation parameter  for a two dimensional
sub-manifold of parity eigenstates. The rotation is de-
scribed by the unitary transformation





= j+ih j+ j ih+j is a Pauli matrix.
The objective is now to nd an optimal measurement
scheme to estimate the rotation parameter, , and thus
the force parameter, . The maximum sensitivity will
occur when  =  Im(

) is maximised for a given
displacement. Having chosen  real,  is maximised by
choosing  purely imaginary. This corresponds to a dis-
placement D() entirely in the momentum quadrature.
Setting  = i, we have  = . The theory of opti-
mal parameter estimation[? ] indicates that the limit on















is the variance in the generator of the
rotation in the input state j+i, which is simply unity.
Thus we nd that uncertainty on the force parameter is
bounded below by Æ  1=(2). It thus follows that the
minimum detectable force is 
min
 1=(2), which may
be written in terms of the total mean excitation number







where the mean photon number n = jj
2
. Comparison
with the result for the single mode squeezed state shows a
similar dependence on the mean excitation number how-
ever the squeezed state sensitivity is better by a factor
1=2.
We consider a two mode entangled cat state.
j i
1
= N (j; i+ j   ; i) (26)
However this state is easily disentangled with the unitary
transformation














4(for a quantum optical realisation this is a 50:50 beam-
















+ j   i
2
)(28)
As in the case for squeezed states, we only need consider
the force detection sensitivity for the state of a single






Here we see the
p
2 improvement from classical averaging.
For the N mode state given by eqn (17) a linear trans-
formation also exists to transform the N mode entangled
state to a product state of single mode cat states. In this
case the minimum detectable force using N modes, each








As each mode has a mean photon number given by n =

2





, the minimum detectable force





, which has the same
scaling dependence on n as the squeezed state case.
We see from here that there is no real advantage in
using entangled states, as the improvement is only the
standard statistical improvement that one gets frommul-
tiple copies of a single mode cat state produced by dis-
entangling the state. When the total cost of resources
are taken into account we get the same result as would
be obtained for a single cat state. If you can make the
cat state at all, mixing multiple copies to get a massively
entangled cat state does not oer any advantage. The
quantum resource we are using is already present in a
single cat, in the same way that a single squeezed state
by itself already provides for all the improvement in force
sensitivity that the quantum nature of the state allows.
On the other hand it may be more natural in some con-
texts to produce the entangled cat state directly. We
have shown that such a state yields the same overall sen-
sitivity for force detection as multiple copies of single cat
states. In both cases the sensitivity is not quite as good
as can be achieved using squeezed states with the same
total mean excitation number.
IV. GENERALIZED CAT STATES.
In the example just discussed, maximum sensitivity re-
quired the classical force to displace the cat states in a
direction orthogonal to the phase of the superposed co-
herent amplitudes. In general there is no way to arrange
this before hand, as the phase of the displacement de-
pends on an unknown time dependence of the classical
force. However a simple generalization of the previous
cat states can be used to relax this constraint. Note that
the cat states are parity eigenstates and are thus the
conditional states resulting from a measurement of the




a mod 2, on an in-
put state ji with  real. We are thus led to consider the





Such states have previously been considered by Schneider
et al.[25]. Given a result  = 0; 1; : : : ;K   1 for such a





















The case of K = 4 has recently been considered by
Zurek[26] in the context of decoherence and quantum




= j4; 0i = ji+ jii+ j   ii+ j   i (32)
with  real. Under the action of a weak force character-














where  = Im() and  = Re(). The state now
carries information on both the real and imaginary com-
ponents of the displacement due to the force which may
be extracted by measuring the projection operator onto
the initial state. In the limit that K >> jj
2
>> 1, the
initial conditional state is simply the vacuum state and
we recover the usual standard quantum limit for force
detection by number measurement[16].
V. DISCUSSION AND CONCLUSION.
We now compare our results to the study of Ramsey
fringe interferometry introduced by Bollinger et al. [13]
and discussed by Heulga et al.[14]. In Ramsey fringe in-
terferometry the objective is to detect the relative phase
dierence between two superposed states, fj0i; j1ig. that
form a basis for a two dimensional Hilbert space. These
states could be the ground and excited states of an elec-
tronic dipole transition. The problem reduces to a quan-
tum parameter estimation problem. The unitary trans-
formation which induces a relative phase in the specied




Z = j1ih1j j0ih0j. We are
free to choose the input state j i
i
and the measurement
we make on the output state, which is described by an
appropriate positive operator valued measure (POVM).
The theory of quantum parameter estimation[24] indi-





2 and the optimal measurement is a
projective measurement in the basis ji = j0i j1i. The
5probability to obtain the result + is P (+j) = cos
2
. In







which achieves the lower bound for quantum parame-
ter estimation. Repeating the measurement N times is












2. However it was rst
noted by Bollinger et al.[13] that a more eective way to
















: : : j1i
N
) (35)
and subjecting the entire state to the unitary transfor-








), the uncertainty in the






We now show that the entangled state in Eq.(35) is in
fact a cat state for a collective operator algebra.
The Hilbert space of N two level systems is the tensor
product space of dimension 2
N
. The entangled state in
Eq.(35) however resides in a lower dimensional subspace
of permutation symmetric states[27]. These states con-
stitute an N + 1 dimensional irreducible representation

































































































has eigenvalues m =  N=2; N=2 + 1; : : : ; N=2 which is
one half the dierence between the number of zeros and
ones in an eigenstate. It is more convenient to use of
the eigenstates, jmi
N=2
, of these commuting operators as
basis states in the permutation symmetric subspace. In











In this form we can regard the state as an SU(2) `cat
state' for N two-level atoms.
A closer atomic analogy to a single mode cat state
would be a cat state for a single N level electronic sys-
tem. For example we could consider the unnormalized
state dened on a hyperne manifoldwith quantum num-
ber F, jF i
F
+ j  F i
F
. Such states have been considered
in reference [28]. A similar state could also be gener-
ated for the large magnetic molecular systems consid-
ered in references [29, 30, 31]. In this case one might
have thought that an even greater advantage would be
gained by entangling the state of many single molecule
N level systems[31], however the analysis of this paper
suggests that this would oer no advantage over simply
using each of the molecules separately provided that the
internal state of each molecule could be prepared in a cat
state.
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